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Abstract

A supermanifold M is canonically associated to any pseudo-Riemannian spin manifold (Mo, go).
Extending the metric go to a field g of bilinear forms g(p) on T,M, p € My, the pseudo-Riemannian
supergeometry of (M, g) is formulated as G-structure on M, where G is a supergroup with even part
Gy = Spin(k, I); (k, I) the signature of (Mg, go). Killing vector fields on (M, g) are, by definition,
infinitesimal automorphisms of this G-structure. For every spinor field s there exists a corresponding
odd vector field X; on M. Our main result is that X, is a Killing vector field on (M, g) if and only
if s is a twistor spinor. In particular, any Killing spinor s defines a Killing vector field X;.

Subj. Class.: Spinors and twistors
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1. Introduction to supergeometry

First we introduce the supergeometric language which is needed to formulate the main
result of the paper. Standard references on supergeometry are [M,L,K].
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1.1. Supermanifold

We consider pairs (Mg, A), where My is a C*-manifold and A = Ay + A is a sheaf
of Z,-graded R-algebras; dim My = m.

Example 1. We denote by C,i'fo the sheaf of (smooth) functions of M. It associates to an
open set U C My the algebra C,‘floo(U) = C°(U) of smooth functions on U. Let E be a
(smooth) vector bundle over M and £ the corresponding locally free sheaf of Cﬁo-modules:
& associates to an open set U C My the C*°(U)-module £(U) = I'(U, E) of sections of
E over U. Conversely, any locally free sheaf £ of C;’Z)—modules defines a vector bundle
E — Mjy. The exterior sheaf AE = A®YE + A% is a sheaf of Z,-graded R-algebras on
M.

Definition 1. The pair M = (Mp, A) is called a (differentiable) supermanifold of dimen-
sion m|n over My if for all p € My there exists an open neighborhood U > p and a rank

n free sheaf &y of C;P-modules over U such that Aj;, = A&y (as sheaves of Z;-graded
R-algebras). The (local) sections of A are called (local) functions on M.

From Definition 1 it follows that there exists a canonical epimorphism € : A — Cgp,
which is called the evaluation map. Its kernel is the ideal 7 generated by A;: kere = J =
(A)) = Ay + A%. By the construction of Example 1 to any vector bundle E — My we
have associated a supermanifold M (E) = (Mp, A = AE). In this case the exact sequence

0> T =()—A=nrESChy =0

of sheafs of Z>-graded R-algebras has a canonical splitting Cjp — AE = Cip + (£).

Let (xl, ..., x™) be local coordinates for My defined on an open set U C My such
that Al = A€y, where £y is a rank n free sheaf of Cj7-modules, cf. Definition 1. Let
01, ...,6, be sections of £y trivializing the vector bundle Ey associated to the sheaf £;.
Note thatx!, ..., x™, 6y, ....6, can be considered as local functions on the supermanifold
M. Moreover, any local function f € A(U) is of the form

F= falx' . xX™P% fulx. LX) e CPWU) = CR U, (1)

where 8% 1= 6" A - A", o = (a1, ..., o).

Definition 2. The tuple (xf,Gj) = (x!, ... x™. 8, ....6y) is called a local coordinate
system for M over U.

The evaluation map applied to a (local) function f = f(x‘, s x™ 6y, ..., 68,) with
expansion (1) is given by
e(f)y=fx', . ... x™0,....0) = fo. o ... x™).

Let M = (Mp, A) and N = (Np, B) be supermanifolds.
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Definition 3. A morphism @ : M — N is a pair @ = (¢, ¢), where ¢ : My — Ny isa
differentiable map and ¢ : B — ¢,.A is a morphism of sheaves of Z;-graded R-algebras. ¢
is called an isomorphism if ¢ is a diffeomorphism and ¢ is an isomorphism. An isomorphism
@ : M — M is called automorphism of M.

In local coordinate systems (x', ;) for M and (&%, 9~1) for N a morphism @ is ex-
pressed by p even functions i"(x], e X0, .., 6,),k=1,..., p,and g odd functions
Gx', ... x".6,...,6,),1=1,...,q:where (p,q) = dim N.

1.2. Tangent vector/vector field

Let M = (Myp, A) be a supermanifold. For any point p € My the evaluation map
€: A C;’jo induces an epimorphism ¢, : A, — R, €,(f) := e(f)(p), where A4,
denotes the stalk of A at p. For ¢ € Z; = {0, 1} we define

(T,M)y :={v: A, > R, R-linear|v(fg) = v(f)ep(g) + (—1)“*fep(.f')v(g)},

where the equation is required for all f, g € A, of pure degree and f € {0, 1} denotes the
degree of f.

Definition 4. The tangent space of M at p € My is the Z;-graded vector space T,M =
(TyM)o + (T,M),. The elements of T, M are called tangent vectors. Any morphism @ =
(9, 9) : M = (Mg, A) > N = (N, B) induces linear maps d®(p) : TyM — Ty, N,
defined by (d@(p)v)(f) = v(gy(f)), p € Mo, v € TyM, f € By, where ¢, :
By(py = Ap is the morphism of stalks associated to ¢ : B — ¢,.A. The map d®(p) is
called the differential at p of @.

The sheaf Der A of derivations of A over R is a sheaf of Z,-graded .A-modules: Der A =
(Der A)g + (Der A4), where

(Der A)y = (X : A— A, Relinear| X(fg) = X(f)g + (=D £ X (g)}.

where the equation is required for all f, g € A of pure degree.

Definition 5. The sheaf 7y; = Der A is called the rangent sheaf of M = (My. A). The
sections of 7ys are called vecior fields.

Any local coordinate system (x, 6;) over U gives rise to even vector fields /0x’ and
odd vector fields 3/36; over U. The action of the vector fields 3/dx’, 3/36; on a function
f with expansion (1) is given by

af Afalxl, . . x™)
—_— = —'——.'-——ga,
ox! Xa: oxt

8f FERNYR 1 ;1 "
Eﬁj:;%(—l)“l G fa e XM A AT A A
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Any vector field X on M over U can be written as

3

m n
. 9 . 0
_ i 1 m iyl m
X_-IE_IX(x,...,x ,91,...,9,,)—-axi.—|—j—EIY(x,...,x ,91,...,9,1)——861_

where X', ¥/ e A(U).

If® =(p,¢): M = (My, A) > N = (Np, B) is an isomorphism then (/f1 and d)_] :
@« A — B exist and give rise to an isomorphism A — ¢, ! B. The induced isomorphism
between the corresponding sheaves of derivations is denoted by

do : Ty — o7 Ty

and is called the differential of @. For any open U C M the differential d® is expressed by
an A(U)-linear map d®y : Ty (U) — Ty (¢(U)), where the action of A(U) on Ty (p(U))
is defined using the isomorphism A(U) > B(g(U)) induced by ¢_1.

Let X be a vector field defined on some open set U C Mg and p € U. Then we can
define the value X(p) € T,M of X at p,

X(p)(f) = ep(X(f)., f €A

However, unless dim M = m|n = m|(, a vector field is not determined by its values.
Finally, we relate the tangent spaces and tangent sheaves of M and My. Any even tangent
vector v € (T, M)o annihilates the ideal J = ker € in the exact sequence

0> J—>ASCH —0 )

and hence defines a tangent vector to M. More explicitly, we define amape : T,M —
T, My by the equation

e(Wie(f)) = vo(f),

where v = vg + vy € (T,M)o+ (T, M)1, f € Ap and f + €(f) is the evaluation map of
stalks € : A, — (C,?jo)p.

Proposition 1. There is a canonical exact sequence of Z;-graded vector spaces
0 — (T,M)] - T,M 5 T,My — 0.
In particular, € induces a canonical isomorphism (T, M) S T, Mo.

Similarly, on the level of tangent sheaves we define € : 7y — Ty, by the equation
€(X)(e(f)) = e(Xo(f)),
where X = Xo+ X € (T (U)o + (T (U))1, f € A(U)and U C My open.
Proposition 2. There is a canonical exact sequence of sheaves of A-modules

0 — kere — Ty > Ty, — O, 3)
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where kere = (Ty)1 + J Ty. In particular; there is the following exact sequence of A-
modules:

00— (jTM)O i (TM)O i TM() — 0.

1.3. Frame/frame field/local coordinates

Definition 6. Let V = V; + V) be a Z;-graded vector space of rank m|n, i.e. dim Vy = m

and dim V| = n. A basis of V is a tuple (b, ..., by4n) such that (by, ..., by,) is a basis
of Vo and (bym41, ..., bm4n) is a basis of Vi. Let M = (My, A) be a supermanifold and
P € My. A frame at p is a basis of T,M. A tuple (X1, ..., X;yn) of vector fields defined

on an open subset U C My is called a frame field if (X1(p), ..., Xm+n(p)) is a frame at
all points p € U. We denote by F(U) the set of all frame fields over U. The sheaf of sets
U +— F(U) is called the sheaf of frame fields.

Any local coordinate system (x!, 6;) over U gives rise to the frame field (3/3x', 3/ 96;)
over U.

1.4. Supergroup

Let A = Ao + Ay be an associative Z>-graded R-algebra with unit. We will always
assume that A is supercommutative, i.e. ab = (—=1)@bg forall a, b € Ag UA|. Under this
assumption any left-A-module carries a canonical right-A-module structure and vice versa;
so we will simply speak of A-modules. For any supermanifold M = (Mg, A) the algebra
of functions A(Mpy) is supercommutative, associative and has a unit.

For any set &' and non-negative integers r, s we denote by Mat(r, s, X) the set of r x s-
matrices with entries in X' and put Mat(r, X) := Mat (r, r, X'). Any partition (r = m +
n,s = k +1) defines a Z,-grading on the A-module V = Mat(r, s,A):

Vo= [ (2 g) ’ A € Mat(m, k,Ao), D € Mat(n, I, Ao),

B € Mat(m,1,A;),C € Mat(n,k,Al)],

B
VI = [ (?‘ D)‘ A € Mat(m, k, A1), D € Mat(n,l,A}),

B € Mat(m, 1, Ag), C € Mat(n, k,AO)}.
The Z;-graded A-module V = Vj + V) is denoted by Mat(m|n, k|/, A). Matrix multipli-

cation turns Mat(m|n, A) := Mat(m|n, m|n, A) into an associative Z;-graded algebra with
unit.
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Definition 7. A super Lie bracket on a Z,-graded vector space V = Vy + V) is a bilinear
map [-,-]: V x V — V such that for all x, y, z € Vy U V| we have:
(i) [x =% +73.
@ii) [x,y] = —(=D*[y, x] and
(i) [x, [y, 21 = [[x, ¥], 2] + (=D [y, [x, 211
The pair (V, [, -]) is called a super Lie algebra.

The supercommutator
[X,Y]= XY — (—l)f“;YX, X, Y € Mat(m|n, A)y UMat(m|n, A);,

defines a super Lie bracket on the Z,-graded vector space Mat(m|n, A). The super Lie
algebra (Mat(m|n, A), [+, -]) is denoted by gl (4). We put

GLy(A) = {g € Mat(m|n, A)p|g is invertible}.

Similarly, if V is a Z»-graded A-module End4 (V) carries a canonical super Lie algebra
structure, which is denoted by gl4 (V). By definition GL4 (V) is the group of invertible
elements of End4 (V). Finally, we will use the convention gl = alyn (R), gl(V) =
alg(V), GL(V) := GLr(V).

Definition 8. A supergroup G is a contravariant functor M +— G(M) from the category
of supermanifolds into the category of groups. Let H, G be supergroups. We say that
H is a super subgroup of G and write H C G if H(M) C G(M) is a subgroup and
H(®) = G(P)|H (N) for all supermanifolds M, N and morphisms & : M — N.

Example 2. The general linear supergroup G Ly, is the supergroup M — GL,, (M)

obtained as composition of the following two functors:

(i) the contravariant functor M = (My, A) — A(Mp) from the category of supermani-
folds into that of asssociative, supercommutative algebras with unit,

(ii) the covariant functor A — GL,,(4) from the category of associative, supercommu-
tative algebras with unit into that of groups.

Definition 9. A linear super Lie algebra q is a super Lie subalgebra g C gl (for some
m|n). A linear supergroup is a super subgroup G C G L, (for some m|n).

Example 3. Let g C ql,» be a linear super Lie algebra. For any associative, supercom-
mutative algebra with unit A we can consider the super Lie algebra g ® A C glinjn(4). Its
even part g(A) := (g ® A)g is a Lie algebra. If A = A(My) is the algebra of functions of a
supermanifold M = (Mg, A) then it is easy to see that the exponential series

1

E —'X", X ¢ Mat(m|n, A),
n!

n=0
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converges (locally uniformly) to an element exp X € G L, ,(A). Now let G(A) be the sub-
group of G Ly, (A) generated by exp g(A4). Then the functor M = (My, A) > G(M) :=
G(A(Mp)) is a linear supergroup, which we denote by exp g.

1.5. G-structure

Let M = (Mp. A) be a supermanifold of dim M = m|n. For any open subset U C M
we consider the supermanifold M|, := (U, Aly). The general linear supergroup G L,
induces a sheaf GL s of groups over Mo: GLy(U) 1= GLymin(M|y) = GLyn(AU)),
U C My open. The group GL 4 (U) acts naturally (from the right) on the set F(U) of frame
fields over U. This action turns F into a sheaf of GLy-sets. Now let G C G L0 be a
linear supergroup and G the corresponding sheaf of groups, i.e. G(U) = G(M|) for all
open U C M. Since G is a sheaf of subgroups G C G L the sheaf F of frame fields of M
is, in particular, a sheaf of G-sets.

Definition 10. Let M = (M, A), dim M = m|n, be a supermanifold and G C GLy, 2
linear supergroup. A G-structure on M is a sheaf Fg of G-subsets F € F such that for all
p € My there exists an open neighborhood U > p for which G(U) acts simply transitively
on Fg(U).

Example 4. For any supermanifold M, dim M = mj|n, the sheaf of frame fields F is a
G Ly n-structure.

1.6. Automorphism of G-structure

We denote by Aut(M) the group of all automorphisms of the supermanifold M, see
Definition 3. The differential d® : Tpy — <p*“lTM of any @ = (¢, ¢) € Aut(M) induces
an isomorphism F — ¢, ! F, again denoted by d®. Now let F C F be a G-structure on
M, for some linear supergroup G C GL,),,. For simplicity we can assume that G = expg
as in Example 3.

Definition 11. @ = (¢, ¢) € Aut(M) is called an auromorphism of the G-structure F¢ if
doF; c o7 ' Fo.

We recall that any p € Mo has an open neighborhood U such that G(U) acts simply
transitively on F(U). Such open sets U C Mo will be called small. If U C My is small
then Fg(U) = EG(U) for any frame field £ € F5(U). Here the right-action of the group
G(U) on Fg(U) is simply denoted by juxtaposition.

Proposition 3. @ € Aut(M) is an automorphism of the G-structure F¢ iff
d®y Ely € ElynGlpU"))

forall small U € My, E € Fg(U) and open U’ C U such that (U C U.
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For any open set U C M the vector space Ta (U)"" of (m + n)-tuples of vector
fields is naturally a right-module of the associative, Z,-graded algebra Mat(m|r, A(U}). In
particular, it is a right-module of the super Lie algebra g® A(U) C @m|n (A(U)). Onthe other
hand, T3 (U) (and hence T3 (U)™™) is naturally a left-module for the super Lie algebra
Tm(U) of local vector fields. The action on Ty (U) is given by the adjoint representation,
i.e. by the supercommutatoradyY = Xo¥ —(—=1)*YY o X, X, ¥ € Ty (U) of pure degree.
The corresponding action on Tp(U)™ 1" is denoted by Ly (“Lie derivative”):

LxE = (X, X1)o.... [X, Xmsn]), E =Xty Xmmsn) € Ty (U)"".

Proposition 3 motivates the following definition.

Definition 12. A vector field X on M is an infinitesimal automorphism of the G-structure
Fg if

Lx, E € E(a® AU))
for all small U C My, E € Fg(U).

2. Supergeometry associated to the spinor bundle
2.1. The supermanifold M(S)

Let (My, go) be a (smooth) pseudo-Riemannian spinmanifold with spinor bundle § —
My. The corresponding locally free sheaf of C;’j’o-modules will be denoted by S§; S(U) =
U, S), U C My open. To the vector bundle S — My we associate the supermanifold
M M(S) = (My, A= AS).

Consider the Z;-graded vector bundle T My + S$* — Mg with even part T M and odd
part S*.

Proposition 4. For any p € My there is a canonical isomorphism of Z;-graded vector
spaces tp : Ty,Mo + S; - T,M.

Proof. We define L;l [(TpM)o := €|(Tp, M)y, see Proposition 1. Now it is sufficient to con-

struct a canonical isomorphism S$* = (Tp,M);. For any section s € I'(U, S$*) interior mul-
tiplication ¢(s) by s defines an odd derivation of the Z,-graded algebra A(U) = I' (U, AS),
ie. a vector field X; := 1(s) € Ty (U);. The value X,(p) € (T,M) depends only on
s(p) € S; and we can define ¢, (s(p)) = X(p). O

Using the embedding C;;’O < AS, we can consider Ty as a sheaf of C;’fo—modules.
Interior multiplication s — i(s) = X, defines a monomorphism S* < (7r); of sheaves
of C;;’O-modules. We want to extend this map to ¢ : Ty, + S* — 7. For a local vector
field X € Ty, (U) on My we put

1(X) := Vx € Ty (U)o,
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where V is the canonical connection on AS, i.e. the one induced by the Levi-Civita con-
nection on (My, go).

Proposition 5. The map 1 : Ty, + S* — Ty is a monomorphism of sheaves of Z,-graded
Cﬁo-modules. Moreover, (| Ty, defines a splitting of the sequence (3), i.e. € o (|Ty, = id.

Note that given any vector bundle £ and connection D on E we can canonically define
te.p ¢ Ty, + € — Ty, where M = M(E) and £ is the sheaf of local sections of E. In
Proposition 5 we have t = (5. y.

2.2. The coadjoint representation of the Poincaré super Lie algebras

Let (Vy, (-, -)) be a pseudo-Euclidean vector space of signature (k, /), k +! = m, and V|
the spinor module of the group Spin(Vp), n := dim V. Put V := Vp + Vj. The vector space
p(V) := spin(Vy) + V carries the structure of spin(Vg)-module. We want to extend this
structure to a super Lie bracket [-, -] on p(V) which satisfies [Vp, V] = 0and [V1, V1] C V.
Such an extension is precisely given by a Spin(Vy)-equivariant map 7 : vV?Vy — Vp; here
vZ denotes the symmetric square.

Definition 13. The structure of super Lie algebra defined on p(V) by the map = is called
a Poincaré super Lie algebra.

We denote by p : Vo — End(V)) the (standard) Clifford multiplication.

Definition 14. A bilinear form £ on the spinor module is called admissible if:

(1) B is symmetric or skew symmetric. We define the symmetry o of 8 to be o (8) = +1
in the first case and o (8) = —1 in the second.

(2) Clifford multiplication p(v), v € Vj, is either symmetric or skew symmetric. Accord-
ingly, we define the type T of B to be 7(8) = 1.

An admissible form 8 is called suitable if o (B)T(B) = +1.

Given a suitable bilinear form 8 on V| we definer = 7, g : ViV > Vg by

(m(s1 Vs2),v) = Blp)si,s2), si,.s2€Vy, veW. 4)

The map r is Spin(Vp)-equivariant. Hence it defines on the vector space p(V) the structure
of Poincaré super Lie algebra. The following theorem was proved in [AC]:

Theorem 1. Any Spin(Vyp)-equivariant map V2V — Vy is a linear combination of maps
.6 Bi suitable.

All admissible bilinear forms on the spinor module were explicitly determined in [AC].
The spinor module carries a non-degenerate suitable bilinear form 8 for all values of m =
k+!ands = k —1 except for (m, s) = (5,7), (6, 0), (6, 6) and (7, 7) (mod 8, mod 8). Now
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we assume that a non-degenerate suitable bilinear form g on V; is given. Themap w = 7, g
defines on p(V) the structure of Poincaré super Lie algebra such that [V, V|] = V.

Given a super Lie algebra g the coadjoint representation ad* : ¢ — al(g*), x — ad}, is
defined by the equation

adt (3*) = —(~ 1"y o ad,.
for x € g and y* € ¢* of pure degree.
Proposition 6. The coadjoint representation of p(V) preserves the subspace V+ = {x* €
p(V)*|x*(V) = 0} C p(V)* and hence induces a representation o : p(V) — gl(V*) on

V* = p(V)*/ VL. It has kernel ker a = Vy and therefore induces a faithful representation
of the super Lie algebra p(V)/Vy on V*.

Once we choose a basis b = (by, ..., byyn) of V*, we can identify a(p(V)) C al(V*)
with a subalgebra a(p(V))b C Glmjn, where A — A? denotes the isomorphism g((V*) —
almn defined by b. If moreover (b, ..., by) is an orthonormal basis of VlL = VO* then the

even part a(p(V))g = apin(k, I) is a canonically embedded spinor Lie algebra, i.e.

A 0

0 a(A)) ‘Ae»so(k,l) Cglm},

a((V) = spin, = [(

where o : s0(k, ) — gl, is equivalent to the spinor representation.
The linear group Spiny, C G L), (R) generated by the Lie algebra spin, C (alnin)o =
alm D al,; acts on the set of bases of V* from the right.

Proposition 7. Assume that a(p(V))g = 3pin, and b’ = bg for some g € Spin,. Then
a (V)P = ap(V)".

Proof. This follows from the fact that a(p(V))5 = spin, and a(®(V))) = a(V))? are
invariant under spin, = a(spin(Vp))®. O

Now let (eq, ..., e5) be an orthonormal basis of Vj and (01, ....6") abasis of V;. The
dual bases of V§ and V;* will be denoted by (e') and (6)).

Proposition 8. With respect to the basisb = (e', ..., e",01,...,6,) of V* = Vo + V!
the super Lie algebra a(p(V)) C gl(V*) is identified with

a(p(V)! = I(é U(OA)) ‘A € solk,l), Cl' =e(n(svol)),se vV},

where C = (CJ1), j=1l...,ni=1,...,mando : s0(k,l) — qal, is equivalent to the
spinor representation.
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2.3. The (pseudo) Riemannian supergeometry associated to the spinor bundle

Now we carry over the construction of Section 2.2 to the Z;-graded vector bundle V :=
T My + S over My. We assume that My is simply connected. The vector bundle V carries
the canonical connection induced by the Levi-Civita connection of the pseudo-Riemannian
manifold (Mo, go). The holonomy algebra of V at p € Mg is a subalgebra of spin(T, My) C
al(Vy)o. This implies, in particular, that the bundle of Spin(7 Mp)-invariant bilinear forms
on S is flat. Let g1 be a parallel non-degenerate suitable bilinear form on S, see Definition
14 and the remarks following Theorem 1.

The Spin(T My)-invariant bilinear form g = go + g1 on V should be thought of as a
pseudo-Riemannian metric for the supermanifold M = M (S). Note that, due to Proposi-
tion 4, g(p) induces a non-degenerate bilinear form on 7, M. However, recall that g, is
symmetric or skew-symmetric. The map 7 = 7, g, : V2§ — T My defines on p(V) =
apin(T Mg) + § C gl(V) the structure of bundle of Poincaré super Lie algebras. p(V) is
a parallel bundle. Now let « : p(V) — al(V*) be the field of representations induced by
the coadjoint representation, cf. Proposition 6. The image o(p(V)) C ¢/(V*) is a parallel
bundle of super Lie algebras.

Proposition 9. The frame bundle of V* — M has a subbundle Pspin  with structure group
Sping C GLywn(R), Spin, = Spin(k, 1), such that for all b = (€, 8;) € (Pspin,, )p-

(1) (€') is an orthonormal basis of Tp*Mo and

(2) a(Vy)) is identified via b with the subalgebra q = a(p(Vp))b C almn (R), where

ap = 8pin, = [(g O'(OA)) IA € 5D(k,l)}

q) = {(g 8) }c:(cﬁ),cﬂ = (s vo).se Sp]

and

are independent of b and p. Here (67 is the basis of Sp dual to (6;).
Proof. This follows from the holonomy reduction and Propositions 7 and 8. a

We denote by V the sheaf of local sections of V. Identifying T Mg and T* My via go, the
map ¢ of Proposition 5 corresponds to a monomorphism ¢ : V = 7, ;10 + &% < Ty This
induces a map

[:F(U, PSpina) - -7:(U)’

where F(U) is the set of frame fields of M over the open set U C M. The image of «
generates a Spin, -structure on M, where Spin, is now considered as (purely even) linear
supergroup Spin, C G L,y|. More precisely, recall that Spin, (A(U)) is the group generated
by exp spin, (A(U)) C GLpn(AU)). It acts on F(U) from the right. Put

Fspin, (U) == t(I"(U, Pspin,))Spin, (AU)).
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Proposition 10. Fgyin, is a Sping-structure on M.

Denote by G the linear supergroup defined by the linear super Lie algebra g, see Exam-
ple 3. Since $pin, C g C glpx(R), we have the following inclusions of linear supergroups:

Spina C G C GLm}n- (5)

Put F6(U) := Fspin, (U)G(A(U)) for all open U C Mp.

Proposition 11. F¢ is a G-structure on M.

Definition 15. A Killing vector field on (M, g) is an infinitesimal automorphism of the
G-structure Fg, see Definition 12.

2.4. Twistor spinors as Killing vector fields

Definition 16. A section s of the spinor bundle S — My is called a twistor spinor if there
exists a section § of S such that

sz = p(X)§ (6)

for all vector fields X on My. Here p(X) : S — S is Clifford multiplication. A twistor
spinor s is called a Killing spinor if § = As for some constant A € R

Remark. From (6) it follows that s = —(1/m) Ds, where D is the Dirac operator.
The non-degenerate bilinear form g on S induces the isomorphism
S5 8% s st i=g10s, ).

Recall that ¢|{S* : §* < T} is simply given by interior multiplication, Section 2.1. To any
spinor field S we associate the odd vector field X; := ((s*) on M. Now we can state the
main result of this paper.

Theorem 2. Let (My, go) be a pseudo-Riemannian spin manifold with spinor bundle
(S, g1); g1 a parallel non-degenerate suitable bilinear form on S, see Definition 14 and
Section 2.3. Consider the supermanifold M = M (S) with the bilinear form g = go + g1
and let s be a section of S. The vector field X is a Killing vector field on (M, g) iff s is a
twistor spinor, see Definitions 15 and 16.

Corollary 1. A Killing vector field X for an extension g of go is a Killing vector field for
any other extension; the extensions being as in Section 2.3.

Lemma 1. For all sections s*, t* of $* and X of T My we have:
() [(s™), 1M1 =0,
(i) [e(s™), «(X)] = [t(s™), Vx] = —t((Vx)*).
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Proof.
(i) By definition of the supercommutator [-, -] on 734, we have [¢(s*), ((t*)] = 1(s*) o
(Y + (@) ot (s*) = 0.
(ii) Recall that s* = g1 (s, -). If £ is a section of S we have [((s*), ((X)](¢) = s*(Vxt) —
Vxs*(t) = g1(s, Vxt) — Vxgi(s, t) = —g1(Vxs, t) = —(Vxs)*(1).
O

Proposition 12. Let s be a twistor spinor. For all vector fields X and spinor fields t on My

we have:

@ [(s™). (X)) = —(p(X)5)*) = —T(g1)(p(X)*5*), where T(g1) € {£1} is the type
of g1, see Definition 14.

(i) [e(s™), (X)) = —g1(p(X)$, 1) = —go(7 (s V 1), X).

Proof. The first equation of (i) follows from Lemma 1(ii), since Vxs = p(X)s. Now the
second equation of (i) and the first equation of (ii) follow from the definition of the type 7:
(p(X)5)*(t) = g1(p(X)5, 1) = t(g1)g1 (5, p(X)1). The last equation of (ii) is simply the
definition of m = 7, g, cf. (4). O

Proof of Theorem 2. Let (¢',6;) € I'(U, Pspin,), U C Mo open, and (e;, 67) the dual local
frame for V = T My + S. Put
E = (), 1(8)) € T, Fspin,) C T'(U, F).

Since (e;) is orthonormal, i.e. go(e;, ;) = €;6;, & € {£1}, we have e = gigolei, ).
Hence, by definition of ¢ on TA’;O, we have ((¢') = ¢;¢(e;). Therefore by Lemma 1 for any
s € I'(U, S) we have

Lx,E = ([X, t(eN)], [Xy, t(8)]) = (—&1t((Ve;5)*), 0), 7)
(Vei5)*(87) = g1(V,s,09). (8)

From this computation it follows that Lx E € E(g ® A(U)) iff there existsat € I'(U, )
such that

Ly E = EC, ©
where
Cr = ( v 0) €a@AW), ] =émtvely, (10)
(¢;’) 0

see Proposition 8. By (7), (8), and (10) Eq. (9) is equivalent to

g1(Ve,s,07) = —giet(mr v69)), i=1,....m, j=1,..,n (11)
The right-hand side is

—eie' ((t v 07)) = —go(m (1 v 67), &) = —gi1(p(e)t, 67), (12)

hence (11) is equivalent to the twistor equation (6) with § = —r. |
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